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In previous work, the Dirac and Einstein equations were unified in a tetrad
formulation of a Kaluza—Klein model which gives precisely the usual
Dirac—Einstein Lagrangian. In this model, the self-adjoint modes of the tetrad
describe gravity, whereas the isometric modes of the tetrad together with a scalar
field describe fermions. The tetrad Kaluza—Klein model is based on a constrained
Yang—Mills formulation of the Dirac Lagrangian in which the bispinor field ¥
is mapped to a set of SL(2, R) X U(1) gauge potentials AX and a complex scalar
field p. In this paper we generdize the map ¥ - (AX, p) to multiplets of n
bispinor fields representing afermion multiplet asin standard el ectroweak theory.
We show that the Lagrangian for bispinor multiplets used in the Standard Model
becomes a constrained Yang—Mills Lagrangian, for which the Higgs field
determines anoninvariant gauge metric, thereby breaking thefull gauge symmetry.

1. INTRODUCTION

In previous work, the Dirac and Einstein equations were unified in a
tetrad formulation of a Kaluza—Klein model which gives precisely the usua
Dirac—Einstein Lagrangian [1, 2]. In this model, the self-adjoint modes of
the tetrad describe gravity, whereas the isometric modes of the tetrad together
with a scalar field describe fermions. An analogy can be made between the
tetrad modes and the elastic and rigid modes of a deformable body [1]. For
a deformable body, the elastic modes are self-adjoint and the rigid modes
areisometric with respect to the Euclidean metric on R®. This analogy extends
into the quantum realm since rigid modes satisfying Euler’s equation can be
Fermi quantized [3].

The tetrad Kaluza—Klein model is based on a constrained Yang—Mills
formulation of the Dirac theory [1-4]. In this formulation a bispinor field
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¥ is mapped to a set of S(2, R) X U(1) gauge potentials AX and a complex
scalar field p. The map ¥ - (AX, p) imposes an orthogonal constraint on
the gauge potentials AX which is explicated by the use of tetrads in the
Kauza—Klein model [1, 2]. Via this map, the Dirac bispinor Lagrangian
equals the constrained Yang—Mills Lagrangian in the limit of an infinitely
large coupling constant [3, 4]. This limit in the Kaluza—Klein model is
equivalent to the radius of the higher compact dimensions becoming vanish-
ingly small even when compared to the Planck length [1, 2].

In a recent paper the tensor Dirac theory was generalized to the larger
9. (2, C) X U(1) gauge group acting on bispinors, and it was shown that
each 9_(2, R) X U(1) subgroup of SL(2, C) X U(1) correspondsto adifferent
factorization of the second-order Klein—Gordon equation into a first-order
Dirac equation [5]. This symmetric formulation, which includes both the
Dirac and Majorana bispinor theories as specia cases, was previously studied
using Clifford algebra techniques [6].

In this paper we generalize further by defining a map from multiplets
of n bispinor fields ¥ = (¥4, ..., ¥,) to tensor fields (A%, p;) where now
the AS are SL(2n, C) X U(1) gauge potentials, and p; for 1 = j = n are
complex scalar fields. Apart from the exceptional set where the p; = 0, the
map ¥ - (A%, p;) is a double covering map onto its image. (Such double
covering maps have no observable effects [3, 4, 7].) The image of this map
contains only gauge potentials AX which are associated with an SU(n, n) X
U(1) subgroup of SL(2n, C) X U(1), and which satisfy an orthogonal con-
straint. [In the case n = 1, note that SU(1, 1) = 9.(2, R).] The restriction
to U(n, n) X U(1) arises because the Dirac equation for bispinor multiplets
has only SU(n, n) X U(1) gauge symmetry, whereas the larger SL(2n, C) X
U(1) gauge group acts on the bispinor multiplets themselves. Noting from
Section 5 that electroweak gauge transformations form an SU(2) X U(1)
subgroup of SU(n, n), we show that the tensor fields (A, p;) give a faithful
representation of the fermion sector of the Standard Model (e.g., the first
generation of quarks and leptons consisting of an up quark, down quark,
neutrino, and electron).

In previous work, we argued that quantum mechanics need only consist
of three parts: the classical field equations, field quantization, and rules for
applying the formalism to experiments [5]. Field quantization requires the
identification of the physically realizable solutions of the classical field equa-
tions, construction of a Hilbert space containing them, and definition of field
operators, which act on the Hilbert space and which preserve the coherent
subspaces defining the superselection rules. The field operators (including
the Hamiltonian operator) are thus restricted to act on physically realizable
states. As is the case for gauge bosons (e.g., when Feynman or Landau
gauge-fixing terms are added to the photon Lagrangian [8]), two classical
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Lagrangians are equivaent if all their observables are equal when restricted
to physically realizable solutions. For this reason it suffices to consider
classical tensor forms of fermion Lagrangians for which all observables equal
their bispinor version when restricted to physicaly realizable solutions. The
tensor form of the Standard M odel Lagrangian for the fermion sector presented
in Section 5 is shown to satisfy this criterion of equivaence.

In the standard electroweak theory [9], the Higgs field selects, by its
orientation in the vacuum (i.e., its nonvanishing vacuum expected value),
the gauge transformations associated with the massive Z and W bosons and
the massless photon. However, we know that electromagnetic interactions
conserve parity, whereas weak interactions do not. Thus the parity map must
commute with el ectromagnetic gauge transformations, but not with the parity-
violating, weak gauge transformations. In this paper we will show that a one-
to-one correspondence exists between the vacuum orientations of the Standard
Model Higgs field and parity maps defined on ¥ which is consistent with
the selection of the electroweak bosons. That is, selecting the Higgs field
orientation is equivalent to choosing the parity map acting on W, which
breaks the electroweak gauge symmetry by the following argument.

Because the Dirac gamma matrices y° do not commute with all electro-
weak gauge transformations, in order to understand the electroweak gauge
symmetry of the Standard Model, it is best to write the free-fermion Lagran-
gian using the original Dirac matrices o® = y%y® and B = ° as follows [10]:

L = Re[iT*a?® ;¥ — 2 mW*pv] (1.1)
j=1

where m for 1 = j = nisthe jth fermion mass, d; for 8 = 0, 1, 2, 3 denote
the space-time partial derivatives acting on the bispinor multiplet field ¥ =
Wy, ..., W), and ¥* denotes the transpose conjugate of W in bispinor
notation. Also, we define the matrices B; = B, where m; is the projection
onto the jth flavor subspace (see Section 5).

Note that B = =L, 3; equals the parity map P acting on the bispinor
multiplet W. Whereas the matrices «®> commute with all electroweak gauge
transformations, the matrices 3 and 3; do not. To make the Lagrangian (1.1)
invariant for al electroweak gauge transformations, the Standard Model
defines the restricted parity maps B; to be functions of the Higgs field [9].
In Section 5, using the one-to-one correspondence between the Higgs field
orientations and the parity maps, we show that selecting the Higgs field is
equivalent to choosing the parity map P and hence to selecting the matrices
B; in the Lagrangian (1.1).

Previously only restrictions on the Higgs field arising from interactions
with bosons have been explicitly considered [9]. However, the fermion
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Lagrangian (1.1) imposes additional constraints on the Standard Model Higgs
field. In Section 4 we prove that parity maps are in one-to-one correspondence
with unitary symplectic forms. Thus, linking the Higgs field to the parity
map constrains the Higgs field to have a symplectic structure from which
we can classify all possible Higgs field—fermion couplings as described in
Section 5. This property of the Standard Model Higgs field, arising from
interaction with fermions as in the Lagrangian (1.1), was not previously
recognized.

Also, in the literature there is little if any mention of the effect of the
parity map P on the tensor observables associated with a bispinor multiplet
. In Section 5, it is shown by themap ¥ - (A¥, p;) that the bispinor parity
map P transforms the tensor fields (AX, p;) as follows:

K ﬂ AY — o AJd
Al - AL =0k OP AR (1.2)

P_
P = 0

where the bars denote complex conjugation. Note that in formula (1.2) the
space-time index o is lowered and raised using the space-time metric g,
and its inverse g*®, whereas the gauge index K is lowered and raised using
the gauge metric g and itsinverse g’¥. We see from formula (1.2) that both
g and g,z depend on the choice of parity map P. We further show that
while for al choices of parity maps g, can only be the Minkowski space-
time metric, the gauge metric g, depends covariantly on the Higgs field,
whose vacuum orientation is in one-to-one correspondence with parity maps
acting on W. Thus, while the p; are defined as invariant scalar fields, both
AX and gy transform covariantly under electroweak gauge transformations,
making the Yang—Mills Lagrangian for (A¥, p;) invariant. Broken symmetry
is therefore manifested in the tensor Dirac theory by the dependence of the
gauge metric gy on the Higgs field.

In Section 2 we review the derivation which demonstrates that the Dirac
bispinor Lagrangian equals a constrained Yang—Mills Lagrangian in the limit
of an infinitely large coupling constant. Starting from trace formulas for the
Pauli matrices, we derive Fierz identities, first for spinorsin Section 3 then
for multiplets of 2n spinors in Section 4. In Section 5 the tensor form of the
fermion Lagrangian in standard electroweak theory is derived. In Section 5
we aso discuss the close tie of the Higgs field with the fermion structure,
including mass, as well as flavor superselection in the tensor Dirac theory.

Having discussed the equivalence of the tensor and bispinor forms
of the fermion Lagrangian used in the Standard Model, we conclude this
introduction with some remarks about the importance of the classical tensor
forms of fermion Lagrangians to the foundations of quantum field theory.
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Asprevioudly stated, the tensor form of Dirac’s bispinor Lagrangian describes
a tetrad together with a scalar field in a Kaluza—Klein model which unifies
fermions and gravity. The use of tetrads to describe gravity has along history
[11], which includes coupling with the Dirac field as a source [12]. However,
introducing a tetrad to describe both fermion and gravitational fields solves
an important problem posed by current theories of fermion—graviton interac-
tion. To define bispinors, reference tetrad fields or their equivalent must be
defined on the space-time manifold [13]. In supersymmetric theories these
tetrad fields have been treated as purely boson fields with superfluous degrees
of freedom [14]. In the Kaluza—Klein tetrad model the reference tetrads
themselves are the fundamental fields which describe both fermions and
gravity, without superfluous degrees of freedom [1]. This suggests a simplifi-
cation of the dynamical variables used in quantum gravity [15].

2. TENSOR FORM OF THE DIRAC LAGRANGIAN

In previous paperswe derived the tensor form of Dirac’sbispinor Lagran-
gian and reviewed the history of such derivations by Takahashi and others
[1, 5, 16]. To introduce the notation needed for the remainder of this paper,
we will briefly review in this section the derivation which demonstrates
that the Dirac bispinor Lagrangian (2.4) equals the constrained Yang—Mills
Lagrangian (2.14) in the limit of an infinitely large coupling constant. (In
Kauza—Klein geometry this limit is equivalent to the radius of the higher
compact dimensions being very small compared to the Planck length [1].)
In addition, we will show how all bispinor observables (e.g., the energy-
momentum tensor T*B, spin polarization tensor S, and the electric current
vector J, for the Dirac bispinor field W) can be derived directly from well-
known Yang—Mills formulas.

The derivation proceeds from the SL(2, R) X U(1) gauge symmetry of
Dirac’s bispinor Lagrangian. Consider the 3_(2, R) X U(1) gauge transforma-
tions, acting on the bispinor field ¥, with infinitesimal generators T« for K =
0, 1, 2, 3 defined by

TP = =iV, n¥ = ive

¥ = ¥C ¥ = iy (2.1
where (using bispinor notation) W denotes the charge conjugate of ¥ and
~v° is the fifth Dirac matrix [10]. Note that the action of S_(2, R) X U(1) on
W isreal linear, whereas usually only complex linear gauge transformations

of bispinors are considered. The infinitesimal gauge generators 7o, 71, and 1,
generate 9.(2, R) and 15 generates U(1).
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The SL(2, R) X U(1) gauge transformations generated by tx commute
with Lorentz transformations [10]. From formula (2.1) the commutation
relations of the gauge generators t¢ are given by

[0, T1] = 272
[To, T2] = —2m; (2.2)
[T, T2l = —21

and T3 commutes with al the t¢. Formula (2.2) can be written more com-
pactly as

[15, 7] = 2f|J‘KTL (2.3

which defines the Lie algebra structure constants fY for the gauge group
(2, R) X U(Q).

By formula (2.2), the Minkowski metric g (with diagonal elements
{1, —1, —1, —1} and zeros off the diagonal) is an invariant metric [17] for
the gauge group SL(2, R) X U(1). Gauge indices J, K, L will be lowered
and raised using the Minkowski metric gy and itsinverse g’. Asin formula
(2.3), repeated indices are to be summed from O to 3.

Dirac's bispinor Lagrangian L is given by

L = Re[iPy* 9, ¥ — ms] (2.9
where s is the complex scalar field defined by
Rels] = TW¥
Im[s] = iPy>¥ (2.5)

where (using bispinor notation) ¥ = ¥*~° where U* denotes the transpose
conjugate of ¥, and y* for « = 0, 1, 2, 3 are Dirac matrices [10]. Moreover,
in formula (2.4), m denotes the fermion mass and 9, denote partial derivatives
with respect to space-time coordinates. Tensor indices «, 3, v are lowered
and raised using the Minkowski space-time metric, which we denote as g,
and its inverse g*£.

Apart from the massterm, Dirac’s bispinor Lagrangian isinvariant under
the S.(2, R) X U(1) gauge transformations (2.1). From formula (2.5) the
scalar sisinvariant under SL(2, R) gauge transformations, and transforms as
a complex scalar under the U(1) gauge transformations generated by Ts.
To make the Lagrangian (2.4) invariant for al SL(2, R) X U(1) gauge
transformations, it suffices that m transform like S (the complex conjugate
of s). Since mappearsin the Lagrangian (2.4) without derivatives, the assump-
tion that m transform like s under U(1) gauge transformations has no effect
on the Dirac equation.
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From the Dirac Lagrangian (2.4) we can derive the following 9.(2, R)
X U(1) Noether currents:

ju = Re[iWy, V] (2.6)

The Noether currents jK and scalar s satisfy an orthogonal constraint, a Fierz
identity [5, 16] (thiswill be generalized in Section 4 for bispinor multiplets):

Kikg = |S|29<xs (27)

Takahashi [16] derived the following formula for the kinetic part of the
Dirac Lagrangian (2.4):

Re[iPy*9, V] = —W Re[(0,dp) + J* X JP — 2830 9°5]  (2.8)
which uses the following notation (which differs from Takahashi’s):
=023 = (i3 —iid iis —id) (2.9)

Thus, from Takahashi’s formula (2.8), we see that the Dirac Lagrangian (2.4)
can be expressed entirely in terms of the Noether currents jK and the complex
scalar field s, satisfying the orthogonal constraint (2.7). Formula (2.8) is
derived from first principles in ref. 5. Once the SL(2, R) X U(1) gauge
symmetry of formula (2.8) is recognized, the demonstration that Dirac’'s
bispinor Lagrangian (2.4) equals a constrained Yang—Mills Lagrangian in
the limit of an infinitely large coupling constant is fairly obvious.

Indeed, we can map a subset of S.(2, C) X U(1) gauge potentials AX
and a complex scalar field p into (JX, s) by setting

J§ = 4plAS
s = 4lp[%p

(2.10)

Since we regard the Lie algebra of SL(2, C) as the complexification of the
Lie algebra of SU(2), the 9.(2, C) gauge potentials A, = (AL, A2, A3) are
complex, while the U(1) gauge potential A2 is real. By formula (2.9) the
gauge potentials AX are restricted to the subset for which

Re[AS] = RA]] = IM[A]] = 0 (211)

This subset corresponds precisely to an SL(2, R) X U(1) subgroup of the
gauge group SL(2, C) X U(1). On substituting formula (2.10) into Takahashi’s
formula (2.8), Dirac’s Lagrangian (2.4) becomes

L = —Re[(0, Ag) + A* X AP + 2ip A2 0% + 4m [p|?p]  (2.12)

and the orthogonal constraint (2.7) becomes
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AEAKB = _|p|zgu6 (213)

Consider the following Yang-Mills Lagrangian Ly for the gauge
potentials AX and the complex scalar field p:

Lg = —3R[AGAL] + Dulp + WD*(p + 1) —3%pl* (214
where A = (A%, A,p) and
Al = 9. A — 9 A
Aup = 0aAp — d5As — OA, X Ag
Da(p + 1) = dup + 19AUp + 1) (2.15)

where g denotes the Yang—Mills coupling constant and . = (2/g)m, where
m is the fermion mass. From formulas (2.12) and (2.13), Dirac’s bispinor
Lagrangian (2.4) equals
L=Ilimg', (2.16)
g_.ao

Note that the Euler—Lagrange equation for the Lagrangian (2.14) with
the constraint (2.13) expressed using Lagrange multipliers commutes with
the restriction (2.11). Hence, the A, can be used to denocte either S.(2, C)
or the subset of 9.(2, R) gauge potentials. By regarding SL(2, R) as embedded
in the complex analytic group SL(2, C), we are able to use familiar vector
operations to express the Lie algebra structure constants in formulas (2.12)
and (2.15). The vector operations greatly simplify derivations.

Note also from the Lagrangian (2.16) that we can derive all bispinor
observables (e.g., the energy-momentum tensor T#, spin polarization tensor
S*#v, and the el ectric current vector J¥) directly from the Yang—Millsformulas.
For example, the Dirac spin polarization tensor S**Y is usualy expressed in
bispinor notation as

S*PY = L (yeofY + oPry) W (2.17)
where 6% = (i/2)(y*y® — vBy%). Using the identity [10]
YeoPY + gfrye = —2 exBVoy S (2.18)

together with formulas (2.1), (2.6), (2.7), (2.9), and (2.10), we reduce formula
(2.17) to

SXB’Y = —% 80‘[3\/8 Tfyafyf"\lf = %EO‘B’YB Jg

2|p|2 £B® AQ = 2A% - AB X AY (2.19)

The Yang—Mills version of the spin polarization tensor is easily shown from
formula (2.14) to be
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SPY = Re[APAY — APACP] (2.20)

In the limit of a large coupling constant g, the Yang—Mills formula (2.20)
becomes, using the definition of A% given in formula (2.15),

lim g 1Y = 2A% - AP X AY (2.21)
g-®

which equals S*¥¥ by formula (2.19). Similarly, we can derive T*# and J*
directly from the Yang—Mills formulas.

Both the orthogonal constraint (2.13) and the definition p = (2/g)m are
used when evaluating the limit in formula (2.16). Quadratic terms in the
tensor fields (AX, p) which are not multiplied by g in the Yang—Mills Lagran-
gian (2.14) vanish in the limit (2.16). Quartic terms multiplied by g? sum to
zero because of the orthogonal constraint (2.13). Thus the limit in formula
(2.16) equals the Lagrangian (2.12), which contains only cubic terms in the
tensor fields (AX, p). These are precisely the cubic terms multiplied by g in
the Yang—Mills Lagrangian (2.14).

Note that the existence of the limit in formula (2.16) depends on the
cancellation of all quartic termsin the tensor fields (AX, p) in the constrained
Yang—Mills Lagrangian (2.14) since by formulas (2.14) and (2.16) and the
fact that u. = (2/g)m precisely these quartic terms are multiplied by g2. Thus,
for general Yang—Mills Lagrangians the limit in formula (2.16) fails to exist.
In fact, for general Yang—Mills equations wave packets will not propagate
as the Yang—Muills coupling constant g becomes large. Because Yang—Mills
equations are nonlinear the mass of each plane wave generally depends on
its amplitude, which causes wave packets to lose their elementary character
due to velocity splitting, which becomes more severe as g becomes large
[18]. Furthermore, in general, unless the amplitude vanishes for each plane
wave, the mass of each plane wave becomes infinite in the limit of formula
(2.16). However, as previously shown, the Yang—Mills equation derived from
the Lagrangian (2.14) with the constraints (2.11) and (2.13) has exact plane
wave solutions in one-to-one correspondence with the plane wave solutions
of Dirac’s bispinor equation [5, 19]. The mass of each plane wave equals m,
and hence is independent of amplitude. Wave packets are identical to the
wave packets derived from Dirac’'s equation and do not exhibit velocity
splitting [19]. Thus, the Euler—L agrange equation for the constrained Yang—
Mills Lagrangian of the specific form (2.14) has solutions similar to Dirac’'s
bispinor equation, which is a limiting case of it by formula (2.16).

Finally, we now present a simplification in the Yang—Muills Lagrangian
(2.14) which removes the quartic potential 2g%p|*. Note that the part of the
Lagrangian (2.14) for the scalar field p is not unique. For example, the
coupling of the U(1) gauge potential AS to the scalar field p, which we
henceforth denote as gy, need not equal the Yang—Muills self-coupling constant
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ginformula(2.15). Thus, we may consider instead of the Lagrangian (2.14)

the following Lagrangian without the quartic potential, for which the coupling

constants g and g, are not necessarily equal:

1
49

l -
Lo = Re[ A ARF] + % Do(p + w)D*(p + w) (222

where

Dalp + ) = dup + iGoAAp + p) (2.23)

so that g, couples the scalars p and . to the gauge potential A2. As before,
the Yang—Mills self-coupling is denoted as g, so that A2 and A, are defined
exactly as in formula (2.15). Using the orthogonal constraint (2.13), and
neglecting terms which vanish in the limit (2.16), we find that formula (2.22)
equals formula (2.14) multiplied by a constant factor g—* provided that

_3 _ 2m
Jo 291 M %

This selection of the constants g, and p eliminates the quartic potential 1
d?|p|* in the Lagrangian (2.14). Note that the argument following formula
(2.16) concerning the existence of nonlinear plane waves and wave packets
also applies to the Lagrangian (2.22), as can be deduced from previous work
[19]. We henceforth adopt the simpler Lagrangian (2.22) as the tensor form
of Dirac’s Lagrangian (2.4). Then from formulas (2.16) and (2.22), Dirac's
bispinor Lagrangian (2.4) equals

L = lim Lg, (2.25)

go-

Note that the Lagrangian (2.22) can be derived from a tetrad Kaluza—
Klein model [1, 2], which explicates not only the orthogonal constraint (2.13),
but also the limit (2.25). In the tetrad Kaluza—Klein model there are three
fundamental constants m, 8, and k, where misthe fermion mass, d isalength
which characterizes the size of the higher dimensions, and x is Newton's
constant. The constants g, go, and . are functions of k, 8, and m. In particular,
the limit (2.25) is equivalent to the limit where the length & becomes vanish-
ingly small. It can be shown that 3 (denoted as A1 in previous work [1, 2])
equals the Planck length k2 divided by g¥? and thus, in the limit required
to obtain Dirac’s equation, 8 is much smaller than the Planck length. Hence
thelimit (2.25) hasageometric significancein thetetrad Kaluza—Klein model.

(2.24)

3. FIERZ IDENTITIES FOR SPINORS

Fierz identities are the bridge between bispinors and the constrained
tensors representing them [5, 16]. In this section we review the derivation
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of the spinor Fierz identity (3.13), which we generalize in Section 4 to
multiplets of 2n spinors. We also review the discrete transformation T defined
on spinors by formula (3.16), which (for a Minkowski space-time) is associ-
ated with reflection through the origin x* - x, = g,sX®, showing in formula
(3.18) that the spinor transformation T defines the Minkowski metric ggg.
Similarly in Section 4 the parity map P acting on multiplets of 2n spinors
defines the gauge metric g« used to lower and raise gauge indices in the
Yang—Mills Lagrangian (2.22) and in the orthogonal constraint (2.13).

In previous work we caled T a “parity map” for spinors and denoted
it as P, which we also used to denote the usual parity map for bispinors,
which interchanges the left and right component spinors [5, 9]. However, to
avoid confusion in this paper, we will use different notation for the discrete
transformation T acting on single spinors and the usual parity map P defined
for bispinors. In Section 4 we will see that the bispinor parity map P consists
of a gauge transformation () composed with T.

A spinor is a two-dimensional complex vector, denoted as

_|&
= |:§2] e C? (3.1)

Acting on spinors £ are the 2 X 2 complex Pauli matrices o = (¢°, o?, 02,
o9) defined by

o? = [? Bi], ol = [é _OJ (3.2

We define o, = (0% —o?, —c?, —c°) and denote 5% = o, and 6, = o A
straightforward evaluation of the Pauli matrices gives the following trace
formula

TI’[O‘a 6'[3] = ZgaB (33)

where g,g denotes the Minkowski metric tensor (with diagonal elements
{1, —1, -1, —1} and zeros off the diagonal). A further trace formula is
expressed by

Tr[O'O( 6'5 O'B Gy] = ZCOLB‘yS (34)

where, as will be seen in formula (3.13), C,g,5 is a Lorentz tensor. Such a
tensor isalinear combination of g,p0ys, GuyJpsr JusTpys AN Expys, WhEre €,4.5
is the permutation tensor. A straightforward derivation shows that
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C(xByB = gowg% + gaﬁgBy - gaBgyﬁ - igaB\/S (35)

The tensor C,g.5 satisfies numerous identities, chief of which are the
symmetries

CoszS = CBaa‘y = C‘yﬁ(xB = CB'\/Ba (36)
and the inversion formula
Caﬁygcﬁ“* = 4838{; (3.7

where 88 equals oneif o = B and zero otherwise. Note that the tensor indices
o, B, 7y, 8, \, n are lowered and raised using the Minkowski metric tensor
0.p and itsinverse g°®, and all repeated indices are to be summed from O to 3.

If we set 8 = 0 in formula (3.4), noting that 5, = ¢° = I, where | is
the 2 X 2 identity matrix, we have
Tr[O'u O 6-7] = 2COLB’\/O (38)

Since the Pauli matrices o, are a basis for 2 X 2 complex matrices, the
product o, o is a linear combination of the matrices o,. From formulas
(3.3) and (3.8), this linear combination is given by

0,05 = CRo, (3.9
By a similar argument, setting o = 0 in formula (3.4) gives
6,65 = C%op (3.10)

Next we consider a pair of spinors £ and v to which we associate a
complex Lorentz four-vector j*, whose components are defined by the 2 X
2 matrix

R e A Rl 1
j =2q€ = |:jl+ij2 jO_j3 (3.11)

where £ = (£;, &) denotes the transpose conjugate of &. (The bar denotes
ordinary complex conjugation.) The spin group of 2 X 2 complex matrices
with determinant one, denoted SL(2, C) or Spin(1, 3), acts on the spinors &
and m. Acting on n&* in formula (3.11), the spin group leaves invariant the
determinant of j, and hence the Minkowski norm of j*. Thus j* becomes a
Lorentz four-vector.

We can solve for j* in formula (3.11) by first noting that j = j &y,
multiplying by o, and then using the trace formula (3.3). This defines a
map j,: C2 X C? -, C* mapping each pair of spinors & and v to a complex
Lorentz four-vector j,(& m) given by
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Jo(& M) = Eoum (312
We now derive the following Fierz identity.
Proposition 1. For al & m, k, v € C?,
2jo(& Mip(k, v) = CRIY(E 1)is(k, M) (3.13)
(Note that since jq, jg, j» ad j; are Lorentz four-vectors, C,g,5 iS a tensor.)
Proof. From formula (3.11) we have
2ME" = %€ )T (3.14)
Then the trace formula (3.4) gives
2jo(& M)jp(x, v) = 2(E'o.m)(x"opv)
= 2 Trloa(nx") op(vE’)]
= U2 Tt[o, 65 0p 6,] (& v)]°(k, m)
= Cupya) (€ 1) (<, M) (3.15)
which proves formula (3.13). QED

A discrete transformation T: C2 — C2 sends a spinor &, as defined in
formula (3.1), to its dual conjugate &:

TE=¢= [ %J (3.16)

Formula (3.2) gives To.& = &,TE Hence, £ = T¢ transforms under the
conjugate representation of the spin group S.(2, C). Since T% = —§, the
transformation T is a bijection. From formulas (3.11) and (3.12) we have

JTE, ) = ja(n, &) = Ju(& M) (3.17)

Setting m = &€ in formula (3.12), we see that j* = j*(§, &) isredl. By
formula (3.17), the action of T on real Lorentz four-vectors j* becomes

i L o= Oupi® (3.18)

That is, the discrete transformation T reverses the space components of real
Lorentz four-vectors j*. This motivates calling T a“parity map” which acts
on spinors £ € C2.

The spinor “parity map” T satisfies the following relations, which we
will use in Section 4. By formula (3.16), we have for all £, q € C2
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T?% = —¢&
(T)"(Tm) = m"¢ (3.19)
(T&)m = —(T)*¢
£(Tn) = —*(T§)

Also, by formulas (3.2) and (3.16) the spinor parity map T lowers and raises
the space-time index of the Pauli matrices on commutation as follows:

To* = o,T (3.20)

Note that a “parity operation” can be defined for spinor fields &(x®),
which combines T with the space reflection sending the space-time point
x* e R*to x,. However, as defined here, T: C2 - C? transforms only the
spinor components £ e C2

With the parity map T we can construct the following map s: C? X
C? - C which associates a Lorentz scalar s(¢, m) to each pair of spinors &
and n:

S, m) = €T (3.21)

That s(§, m) is aLorentz scalar follows from the fact that the inner product
of aspinor £ and adual spinor Tr isinvariant for al SL(2, C) transformations.
Note from formulas (3.12) and (3.21) that s(¢, m) = jo(&, Tm), and hence
from formulas (3.17) and (3.19) we derive

S(€, m) = —s(n, §)
S(TE, Tn) = S(&, m) (322
for all spinors &, € C2

4. FIERZ IDENTITIES FOR MULTIPLETS OF 2n SPINORS

In this secton we extend the Fierz identity (3.13) for single spinors to
multiplets of 2n spinors. Using this extended Fierz identity (4.17), we then
derive the generdization of the orthogonal constraint (2.7) for 2n spinor
multiplets [see formula (4.28)]. Generalization of the orthogonal constraint
requires extending the usua parity map P which is defined for bispinors [or
spinor doublets as in formula (4.6)] to act on multiplets of 2n spinors. We
show that the extended parity maps correspond to the unitary symplectic
forms on a 2n-dimensional complex vector space, and hence form amanifold
of n(2n — 1) real dimensions. The choice of parity map dictates which gauge
generators are associated with interactions that conserve parity. As discussed
in the introduction, to conform to observation we must choose parity maps
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which conserve parity for, and hence commute with, electromagnetic interac-
tions. This condition is not satisfied for the spinor parity map T acting, as
in formula (3,16), on each component spinor of a multiplet, whereas the
usual parity map P defined for bispinors commutes with electromagnetic
gauge transformations.

We will see also in formula (4.11) that the choice of parity map affects
the gauge metric used to lower and raise gauge indices in the Yang—Mills
Lagrangian (2.22) and in the orthogonal constraint (2.13). We will further
discuss the parity map in Section 5 when we consider the electroweak gauge
transformations of the Standard Model.

A multiplet of 2n spinorsisa4n-dimensional complex vector, denoted as

&0
e=|  |ecH (4.1)
;’;'(2n)
where £€9, ..., &2V ¢ C2 are spinors as defined in formula (3.1). Acting

on multiplets of 2n spinors & are the Pauli matrices o, which extend to 4n
X 4n matrices by the usual direct sum representation. Also acting on & are
4n X 4n gauge matrices tX, where K = 0, 1, ..., 4n?> — 1, which commute
with the Pauli matrices o. The gauge matrix t° = | is the identity matrix,
which is the Hermitian generator of U(1) gauge transformations acting on &.
The gauge matrices tX with K > 0 are the Hermitian generators of SU(2n)
gauge transformations acting on &.
Since £ e C*, we have the trace of tX given by

TrtY] = 4ndX 4.2

where 8 equals 1 if J = K and equals O otherwise. That is, for K = 0, the
trace of the U(1) gauge matrix t° = | equals 4n, whereas, the SU(2n) gauge
matrices tK with K > 0 have zero trace. Since the trace can be used to define
a positive-definite inner product on the linear space of Hermitian matrices
[20], we can choose the Hermitian gauge matrices t€ so that the trace formula
(4.2) extends as follows:

Tr[t) t4] = 4ndX 4.3

We shall refer to a matrix which commutes with the Pauli matrices o
as a gauge matrix. Let ) be a4n X 4n gauge matrix which is both unitary
and skew-symmetric, that is,

Q=01
Q' = -0 (4.4)
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a=--0

where Q7, ), Q*, and Q! denote the transpose, complex conjugate, transpose
complex conjugate, and inverse, respectively, of the gauge matrix (1. Note
that the last formula in (4.4) is a consegquence of the first two, which state
that  is unitary and skew-symmetric. By formula (4.4) the gauge matrix ()
can be regarded as a unitary symplectic form defined on multiplets of 2n
spinors &.

Each () can be composed with the parity map T defined in formula
(3.16) for single spinors, to obtain a parity map P = QT acting on multiplets
of 2n spinors ¢ as follows:

TEW

Pt = QTE = Q . (4.5)
T§(2“)

where T acts on £ € C*" by the usual direct sum representation (i.e., T acts
on each spinor component of &). Note from formula (3.18) that the parity
map T transforms j« into j,. We will see a similar result in formula (4.27)
for the parity map P.

Since the unitary gauge matrices U(2n) form a Lie group of dimension
4n? and the unitary gauge matrices which leave the symplectic form Q
invariant form a subgroup So,(n) of dimension n(2n + 1), the homogeneous
space U(2n)/Sp(n) of unitary symplectic forms () has dimension n(2n — 1)
= 4% — n(2n + 1). Thus, the parity maps P defined in formula (4.5) form
a manifold aso of dimension n(2n — 1).

For example, for spinor doublets (n = 1), the parity maps P form a
one-dimensional manifold. In previous work [5] we defined a parity map P
on spinor doublets as follows:

El_|
HE @6
where &, n e C2 are spinors. Other possible definitions of a parity map for
spinor doublets differ from this choice of P by a U(1) phase. Mapping spinor
doublets to bispinors, as discussed in Section 5, formula (4.6) becomes the
usual parity map P acting on bispinors.
By formula (3.19), each spinor component €0 € C2of £ € C* for 1 <
i = 2ninformula(4.5) satisfies T2%0 = —£0), We have from formulas (3.16)
and (4.5) that PQ) = QP. Hence, using formula (4.4) together with (3.19)
and (4.5), we get for al & n e C4
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P% = ¢

(PE)" (Pm) = m’¢ (4.7)

(P&)™ = (Pm)"¢

€(Pn) = n"(PE)
Note that from the first formulain (4.7), P = P~ for the parity map P acting

on§ e C,

The Hermitian generators t< of the gauge group U(2n) acting on C4"
satisfy trace formulas similar to the trace formulas (3.3) and (3.4) for the

Pauli matrices 0. L et t be any gauge matrix acting on C*". That is, t commutes
with the Pauli matrices ¢*, but t is not necessarily Hermitian. Define

=00 (4.8)

From formulas (3.16), (4.4), and (4.5), when t is Hermitian (i.e.,, t" = t or
equivalently t = t7), we derivet = PtP, and furthermoret is also Hermitian.
Let us denote ty = . Since P = P71, we adso have tX = PP = PP =
k. Again from formulas (3.20), (4.4), and (4.5) we have

Po* = o,P
(4.9

PtK = tKP

Formula (4.3) can be written as
Tr{t? &%] = 4n 8% (4.10)
For 4n X 4n matrices o, and tx, we have, similar to formula (3.3),
Trlo, 6] = 4ng,

[0 Gp] = ANGup (4.11)

Trt; T] = 4ngyx

which defines the gauge metric g;c. Using formulas (4.4) and (4.8) and the
invariance of trace for cyclically permuting and transposing matrices, we see
that gi is symmetric and real (g = gky and Qi = Qi) If we define a set
of coefficients gk such that t; = gk t¥, then substitution into formula (4.11)
using (4.10) shows that gx = gx. Thus, t; = gy t<. Similarly, from formula
(4.8) we have T; = gxtK. Moreover, gtk = T, = t? shows that g, has full
rank, and thus is nondegenerate. Hence, gauge indices J, K, L are lowered
and raised using the gauge metric gy and its inverse g%,
Likewise, formula (3.4) becomes

Tr[(ra 6'5 O'B 6-7] = 4nCan5
Trlty v tx Tl = 4 nCyum
which defines the tensor Cc .

(4.12)
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The 4n X 4n matrices o, and tx commute for each index a and K.
Moreover,

Tr[o,] Tr[t] = 4n Tr[o.tk] = 16028282 (4.13)

As with o, in formulas (3.9) and (3.10), products of the gauge matrices tx
(or k) can be expressed as linear combinations of the t¢ (or i), eg.,

From this observation and formula (4.13), if o is a product of Pauli matrices
o, and t is a product of gauge matrices tx, then
Tr[o] Tr[t] = 4n Tr[ot] (4.15)

Now consider the map jK: C*" x C4 _, C1" mapping each pair of
spinor multiplets &€, m € C*" to a set of 4n? complex Lorentz four-vectors
JE(€, m), defined by

Jg(& M) = €0 tn (4.16)

where &* denotes the transpose conjugate of the spinor multiplet £ We will
derive the following Fierz identity for spinor multiplets.

Proposition 2. For all £, m, k, v € C*,
CSIAE )ik, v) = NCRI5E v)j¥(x, ) (4.17)

Proof. The proof is similar to the proof of Proposition 1 in Section 3,
using the definition (4.16) with the trace formulas (4.11), (4.12), and (4.15).
In particular, similar to formula (3.14), we derive

(@n)E" = JPEE m)Fplk (4.18)

An equation similar to formula (3.15) isthen obtained. Theinversion formula
(3.7) isused in the final step. QED

Note that since o®t“ = &t form abasis of 4n X 4n matrices, formulas
(4.16) and (4.18) are equivaent ways, via the trace formulas (4.11) and
(4.15), to define the Lorentz four-vectors j §(&, m).

Applications to date use a reduced form of the Fierz identity (4.17),
which exploits an associative binary operation, denoted as &, defined on
C4? as follows. Let a¥, b¥, and cX be complex numbers indexed by the set
of gauge indicesK = 0, 1, ..., 4n°> — 1. Definec = a ® b if and only if

ck = CP a-bM (4.19)

Since from formula (4.14), when ¢ = a ® b, we have
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(aLTL)(bMTM) = CK’fK (420)

we see that the binary operation ® is associative. Moreover, since t¢ =
was defined [see formula (4.3)] independently of the parity map (4.5), the
associative operation & is therefore independent of which parity map is
chosen.

Setting L = 0 in the Fierz identity (4.17), we get from formula (4.19)

[ia(€ M) ® jp(x, V)] = NCRIE v)i5(k, ) (4.21)

where the Kth component of ¢ = a ® b is denoted as ¢ = [a ® b]¥. The
reduced Fierz identity (4.21) isindependent of the choice of parity map (4.5).

From formulas (4.7), (4.9), and (4.16), the parity map P: C4 . C4
defined by formula (4.5) transforms the Lorentz four vectors jK(&, ) as
follows:

j&(Pg, P m) = j&(n, & = j&(& m) (4.22)

Similar to formula (3.21), we defineamap s: C*' X C*" . C mapping

each pair of spinor multiplets £ and m to a complex Lorentz scalar (&, m)
given by

(€, m) = £Pn (4.23)

That (&, m) is a Lorentz scalar follows from the spinor map (3.21) and the
fact that P = QT. Note from formulas (4.16) and (4.23) that s(&, m) =
i8¢, Pn), and hence from formulas (4.7) and (4.22) we derive

s€ m) = s(n, &

S(PE, Pm) = s(&, m) (4.24)
for all multiplets of 2n spinors &, m € C*.

Let usnow defineamap &€ — (X, s) taking each multiplet of 2n spinors

¢ to a set of rea Lorentz four-vectors jK for K =0,1,...,4n> — 1and a
complex Lorentz scalar s given as follows:
j& =18 9

s = s(§, §) (4.25)

Setting m = & in formulas (4.16) and (4.23), we see that the Lorentz four-
vectors jX are real, whereas the Lorentz scalar s is complex. Note that apart
from the exceptional set wheres = 0,themap & - (jX, s) isadouble covering
map (onto its image). Formulas (4.22) and (4.24) give

J(PE, PE) = [R(E §)
S(Pg, PE) = S(EE)

so by formula (4.25), the parity map P transforms jX and s as follows:

(4.26)
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i Z g = g guib
sos (4.27)

The following proposition uses the parity map P together with the Fierz
identity (4.21) to show that jX and s satisfy an orthogonal constraint.

Proposition 3. The following orthogonal constraint is satisfied by the
j¥ and sin the image of the map & - (j, 9):

jngB = n|s|29aﬁ (4.28)

Proof. We will first show that
j 2EPE) = 32
jAPEE) = D2

By formula (4.22), the second equation follows from the first, so it suffices
toprovethefirst equation of formula(4.29). Using formula(4.16), let usdefine

S = E'oPE = (&, PE) (4.30)

Since s = 5 by formulas (4.23) and (4.25), it suffices to show that s, = 0
for a = 1, 2, 3. From formulas (4.7) and (4.9) we have

S« = £ 0PE = (0,8)"PE = £'Po & = £'0"PE = & (4.31)

(4.29)

That is, s* = s,. Since the index « is lowered by the Minkowski metric, s
is the only nonvanishing component of s,. Thus formula (4.29) is proved.
Since by formula (4.29), s and S are the only nonvanishing components
of jO (& P£) and jo(P¢, €), on substituting &, &, PE, PE for &, m, k, v, respec-
tively, in the Fierz identity (4.21) and setting K = 0, we have, using formulas
(4.19) and (4.22),
CRuicif = nlsPC (4.32)
From formulas (4.3), (4.11), and (4.12) we derive
C% = Coop = 8
C% = Coom = 3!
Substituting formula (4.33) into (4.32) gives (4.28). QED
In previous work [5], it was shown that each factorization of the second-

order Klein—Gordon wave equation into a first-order Dirac equation deter-
mined aflavor parameter ¢ RA? satisfyingt ® ¢ = (—-1,0, ..., 0), where

(4.33)
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tX = c«. [For notation see formulas (4.19)—(4.21).] Defining the flavor map
t: C4  C* byt = —ctx, we have from formula (4.20) that € ® ¢ = (—1,
0,...,0) if andonly if tft = —t9 = —I. For the case n = 1, the usual parity
map P is defined on spinor doublets by formula (4.6), and the flavor map t by

[ (4]

where &, € C? are spinors. For n > 1, the parity map P and the flavor
map t are extended in standard models to act on multiplets of 2n spinors by
the usual direct sum representation. Proposition 4 which follows generalizes
Proposition 3 using the flavor parameter cX, and Proposition 5 extends the

parity map.

Proposition 4. Let the Lorentz four-vectors jK for K = 0, 1, ..., 4n? —
1 and scalar s be defined as in Proposition 3. Let ¢ e RA wnsfymg t®c
=(-1,0, ..., 0) be aflavor parameter. Define
=l ®T" (4.35)
Then JX and s satisfy the orthogonal constraint
‘]EJKB = _n|s|zga3 (436)

Proof. Using formulas (4.19) and (4.33), wecan expressformula(4.32) as
[ia ® J1° = nls’geg (4.37)

By formula (4.8) we have (t;tx)” = {;, and therefore c=a® binformula
(4.20) implies that € = b ® €. Let ¢ € R* be a flavor parameter, which
satisfiesst® ¢ = (-1,0,...,0). Let J, = j, ® Casinformula (4.35), so
that J, = ¢ ® ],. We have from formulas (4.19), (4.33), and (4.37)

Kdp = c® It JM

[ ® = [j. ®CER @l = —[ju @Jpl°
_n|S|2g(x[3

which proves formula (4.36). QED

Proposition 5. The parity map P transforms JX and s as follows:

N g J = g*Pg Js

sos (4.39)

Proof. The parity map P transforms the flavor mapt = —c*tc into T =
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—Cfx = — 4. Thus, P transforms c into €. From formula (4.27), P trans-
forms j, and sinto j* and 5. Thus, P transforms J, = j, ® & into K® = |*
® c. For the Hermitian generators tx we have (t;tc)* = tkt;. Therefore, ¢ =
a ® b in formula (4.20) implies that © = b ® a. Noting as in the proof of
Proposmon 4 that J, = ¢ ®],, and that both ¢ andj are real, we see that

= c® j* = J* That is, P transforms JX into J¢, which proves formula
(4.39). QED

We end this section by noting an equivalent expression for the Lorentz
four-vectors JX defined by formula (4.35) in terms of the flavor map t =
—cXtx. More generally, for £, n € C* define

Je(E ) = [Ja(& m) ® " (4.40)
A straightforward derivation using formulas (4.14), (4.19), and (4.20) gives
Ji(E m) = —ja(tE ) (4.41)

for al & m e C*. In particular, when £ = m we can define JX in Proposition
4 by

Jo = —ia(tE, &) (4.42)

Note that apart from the exceptiona set where s = 0, the map
¢ - (J, s) is a double covering map whose image contains only JX which
vanish except for an SU(n, n) X U(1) subgroup of 9. (2n, C) X U(1). Here,
U(n, n) is the subgroup of 9.(2n, C) gauge transformations which leave
invariant the flavor map t regarded as a Hermitian form. This Hermitian form
occurs in the Dirac Lagrangian (5.14) for which JX are the SL(2n, C) X U(1)
Noether currents. The reader may wish to review the case n = 1 discussed
in detail in Section 2, noting formulas (2.9), (2.11), (4.34), and (4.42), and
the isomorphism SU(1, 1) = SL.(2, R).

5. TENSOR DIRAC THEORY FOR MULTIPLETS OF n
BISPINOR FIELDS

In this section we generalize the Yang—Mills Lagrangian (2.22) to multi-
plets of n bispinor fields ¥ = (W4, ..., ¥,) in away that is consistent with
standard electroweak theory. We define a map taking ¥ to tensor fields
(A%, p;), where A are SL(2n, C) X U(1) gauge potentials and p; are n complex
scalar fields which the electroweak gauge transformations leave invariant.

In the Standard Model the Higgs field ¢ is subject to a strong quartic
potential, causing its equilibrium values to lie in a Goldstone manifold [9].
In formula (5.18) we will see that the Goldstone manifold can be identified
with a submanifold of the unitary symplectic forms () defined in Section 4.
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As in formula (4.5), each () defines a parity map P = QT, where T is the
spinor parity map (3.16). Thus, we will show that aone-to-one correspondence
exists between vacuum orientations of the Higgs field (i.e., the equilibrium
values of ¢) and parity maps P. Linking the Higgs field to the parity maps
P reveals that the Standard Model Higgs field has a symplectic structure, as
described by formula (5.18), which was not previously recognized.

Additional features of the tensor model are also discussed in this section.
In the Standard Model, the W and Z boson mass ratio is determined by a
fixed rotation of the electroweak gauge generators through the Weinberg
angle [9]. In this section we show that a similar process determines the
fermion mass ratios in the tensor Dirac theory. Instead of the Weinberg
rotation, we show that a fixed self-adjoint transformation of the SL(2n, C)
X U(1) gauge generators, which restricts to a dilation on each flavor Lie
subalgebra, produces the mass ratios within a fermion multiplet.

As discussed in Section 1, field quantization requires identifying the
physically realizable solutions of the classical field equations. In the Standard
Model arbitrary superpositions of flavors within a fermion multiplet (e.g., a
superposition of electron and neutrino flavors) are not physically realizable
and hence are forbidden [9]. It can be shown that such a superselection rule
follows from the tensor theory. Based on the argument in Section 2 preceding
formula (2.22) concerning the existence of nonlinear plane waves and wave
packets, in Proposition 6 we will show that nonlinear wave packets derived
from the Yang—Mills Lagrangian (5.30) with the orthogonal constraint (5.22)
are aways associated with a single fermion flavor, and hence only these
can propagate.

A bispinor ¥ e C* consists of a spinor ¢ € C? and a dua conjugate
spinor ff = Ty e C2 as defined in formula (3.16). That is,

_| & 4
= [T”n] eC (5.1)

where £, e C? are spinors. The charge conjugate of W is defined by

c_|M
N4 [Té} (5.2
and the Dirac matrices y* for « = 0, 1, 2, 3 acting on ¥ are defined by
wtn | T
Y v = |: O'OLE :| (53)

The fifth Dirac matrix v° acts on ¥ by



2656 Reifler and Morris

Vo = [_fgm] (5.4)

We denote the bijective map from spinor doublets to bispinors by B: C* -
C4 That is, from formula (5.1),

-]

From formulas (5.3) and (5.5), the parity map P defined for spinor doublets
in formula (4.6), acting on bispinors, is give by y° = BPB~L. Similarly, the
flavor map t defined for spinor doubletsin formula(4.34), acting on bispinors,
isgiven by v° = BtB™.

Let¥ = (¥, ..., ¥, beamultiplet of n bispinors ¥;, where j = 1,
2, ..., n. We extend formulas (5.1)—(5.5) to ¥ by the usua direct sum
representation. In particular, the bijective map (5.5) extends to a bijective
map B: C4 . C4 from multiplets of 2n spinors to multiplets of n bispinors
as follows:

FEOT T O T
n® Tn®
Bl |=]| | (5.6)
g(n) g(n)
n® Ty

Equivalently, each component bispinor ¥ of ¥ = (¥, ..., ¥,) isdefined by

0
i [-é]a)] (5.7)

where £€0, 00 e C? are spinors for j = 1, 2, ..., n. Charge conjugation,
Dirac matrices y*, the parity map «°, and flavor map v° are defined on the
component bispinors ¥; as in formulas (5.2)—(5.4).

Standard projections m: C*" — C*'for 1 = j = n map each bispinor

multiplet ¥ = (¥4, ..., ¥,) to a bispinor multiplet =¥, all of whose
component bispinors vanish, except for the jth, which equals W;. That is,
’lTj\I’:(O,...,O,\I’]’,O,...,O) (58)

The projections m; act on multiplets of 2n spinors by commutation with the
map B: C* - C*" defined in formula (5.6).

In al subsequent formulas, repeated indicesj = 1, 2, ..., n labeling
the component bispinors W; of a bispinor multiplet ¥ = (W, ..., ¥,,) are
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not subject to the summation convention. For such indices summation will
be indicated by a summation symbol X ;. The convention of summing over
repeated indices will be reserved for space-time indicesa = 0, 1, 2, 3 and
gauge indicesk =0, 1, ...,4n> — 1.

Note that acting on multiplets of 2n spinors, the projections ; commute
with the parity map P and satisfy the following relations:

n
> m =
=1
Tk = T 8jk
1TjJr = m (59)

1ij = PﬂTj = '1T]'P1TJ'
m) = QTrJ-T = ﬂjQﬂjT

for dl 1 = j, k = n. Moreover, the projections ; also commute with the
Pauli matrices o and the flavor map t.

We define the jth flavor subspace to be the image of the jth projection
mj: C4 — C* for each 1 = j = n. We denote the parity map P restricted
to the jth flavor subspace by P, = m;P. By formula (5.9), the restricted parity
map P; can be written as P, = (T, where (); = () is a (degenerate)
symplectic form satisfying

o = -0

By the map B: C*" _. C“*", every redl linear transformation defined for
multiplets of 2n spinors ¢ € C*" induces a transformation on multiplets of
n bispinors ¥ = BE&. Generally, the transformations acting on £ and ¥ = B¢
are denoted by different symbols as shown in Table I.

Tablel. Dictionary of Corresponding Spinor and Bispinor Notation

Transformation Spinor notation Bispinor notation
Pauli matrices a® o = Yoy
Parity map P B =10
Restricted parity maps P, B = °m;
Flavor map t v’

Flavor generator it i
Chira generator i iy®
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For example, using formula (3.20), the induced action of the Pauli
matrices o® on the bispinor ¥ e C* defined in formula (5.1) becomes

) S
W = [T‘Zai] - [G:Tﬂ (5.12)

so that from formula (5.3) the Dirac matrices y® satisfy
VYY¥ = Ba®¥ (5.12)

where B = y° is the bispinor parity map.
Extending formulas (5.11) and (5.12) to bispinor multiplets allows us
to write the Dirac Lagrangian as follows:

L = Re[iT*a® 9,7 — 2 MR W] (5.13)
=1

where my is the jth fermion mass, and 3; = ;3 is the parity map { restricted
to the jth flavor (see Table I).

Note that care must be taken with the Lagrangian (5.13) in passing from
bispinor multiplets ¥ to 2n spinor multiplets & using formula (5.6), since the
gauge transformations i and iy® acting on ¥ are induced from the gauge
transformations it and i acting on £ = B~* ¥ (See Table I.) Thus, the Dirac
Lagrangian (5.13) equals

L = ReiE'to? 3,6 — 3, ms] (519
=1

where we define
§ = &£'Pg¢ (5.15)

where P; = ;P and P is the parity map. [See Table | and formulas (4.23),
(4.25), and (5.9).]

Our goal isto generaize the Yang—Mills Lagrangian (2.22) to multiplets
of n bispinor fields in amanner which is consistent with the standard electro-
weak model [9]. To construct this generalization we must consider the
S (2n, C) X U(1) gauge transformations, whose action was described on
multiplets of 2n spinors in Section 4, induced on multiplets of n bispinors
by the map (5.6).

It is straightforward to check that the generators for electroweak SU(2)
X U(1) gauge transformations acting on multiplets of 2n spinors have zero
trace [9]. Therefore, electroweak gauge transformations form an SU(2) X
U(1) subgroup of SU(n) X U(n)) C SU(n, n). This result is easily proved
using the map B: C4' - C*" from multiplets of 2n spinors to multiplets of
n bispinors defined by formula (5.6).
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In particular, the chiral U(1) generator i (see Table 1) has nonzero
trace, so that chiral U(1) gauge transformations are not associated with the
electroweak force. Hence, Higgs fields in the Standard Model are invariant
scalarsfor these chiral U(1) gauge transformations, which do not liein S(U(n)
X U(n)). We shall denote the SU(2) X U(1) electroweak gauge group as G
to avoid confusion with other subgroups of the full gauge group SL(2n, C)
X U(D).

A parity map P acting on multiplets of 2n spinors & as in formula (4.5)
can be explicitly defined using the Higgs field ¢: R* - C?2 from the standard
electroweak model, which has the form [9]

_ |
b= [ <1>J (5.16)

Inthe Standard Model the Higgsfield ¢ is subject to astrong quartic potential,
causing the equilibrium values of ¢ to lie in a hypersphere S* C C?2 centered
a 0 e C2 By normalizing ¢, we may assume that S is a unit sphere, so
that the Higgs field ¢ at equilibrium satisfies

[baf? + [dbof?> = 1 (5.17)

For spinor quadruplets (n = 2) in the Standard Model, the unitary symplectic
form Q) defining the parity map P = QT in formula (4.5) becomes

0 ¢ 0 —ds

=% 0 - O
Q=1 0" 4 0 & (5.18)
é1 0 —d2 O

To derive formula (5.18), first note that formula (5.18) agrees with
formula (4.6) extended to spinor quadruplets when

b= m (5.19)

We then obtain formula (5.18) by applying gauge transformations from G
simultaneously to formulas (5.19) and (4.6) extended to spinor quadruplets
[noting that G = SU(2) X U(1)], again using the fact that P = QT and that
the SU(2) part of G acts on the “left-handed” spinor components.

To make the fermion mass terms invariant under electroweak gauge
transformations, the Higgs scalars (5.16) are used as coefficients in the
standard electroweak Lagrangian as follows. First note from formula (5.18)
that the parity map P = QT depends linearly on the Higgs field ¢. The same
derivation shows that the restricted parity maps P; = (T [see Table | and
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formula (5.10)] also depend linearly on ¢. Thus the complex scalars s in
formula (5.15) depend linearly on ¢. By construction each scalar field s
transforms as an invariant scalar under the electroweak gauge group G. This
construction makes the standard electroweak Lagrangian (5.14) G-invariant
[91.

A straightfoward derivation shows that the JX defined in formula (4.42)
are the SL.(2n, C) X U(1) Noether currents obtained from the Lagrangian
(5.14). Furthermore, the complex scalar field s defined in formulas (4.23)
and (4.25) is from formula (5.15) equa to

s= 121 s = £'P¢ (5.20)

Similar to formula (2.10), we map a subset of SL(2n, C) X U(1) gauge
potentials A§ and complex scalar fields p; into J§ and 5 by setting

n
K= 421 |y [PA
=

3/2
n
4(211 w)

‘2]1 Pj
Then the orthogonal constraint from formula (4.36) becomes
hi ALAS = _'21 ‘Pj‘zguﬁ (5.22)
=

where hyc = n! gy. Apart from the exceptiona set where p; = 0 (or
equivalently 5 = 0) for al 1 = j = n, the composite map

v E L (05 8) - (A% p) (5.23)

isawell-defined double covering map which is consistent with the orthogonal
constraint (5.22) imposed on the tensor fields (AX, p;), and whose image
contains only AX which vanish except for an SU(n, n) X U(1) subgroup of
9.(2n, C) X UQ).

From formulas (4.39) and (5.21), the parity map P acts on the tensor
fields (AL, p;) as follows:

AL £ Ax = g*Pgk  As

P _



Higgs Field—Fermion Coupling in the Tensor Dirac Theory 2661

Fermion masses are generated in the tensor theory by a simple transfor-
mation of the SL(2n, C) X U(1) Hermitian gauge group generators tk. Recall
from formula (2.24) that for a single bispinor field, the fermion mass m =
200w in the Lagrangian (2.22) is proportional to the Yang—Mills coupling
constant g. Thus, we can change the massmto Am, where \ > 0, by mapping
each SL(2, R) X U(1) Hermitian gauge generator tx to Atx. This changes the
Lie algebra structure constants f4¢ to MY (hence the Yang—Mills coupling
constants g and go become Ag and \gg), without changing the gauge metric g.

For the general construction, let the fermion masses in the Lagrangian
(5.14) be expressed in terms of a single mass m by my = \jm, where \; >
Oforl=j=n. Wedefineamap A: C* — C* by

A= j:il IN (5.25)

As with the projections m;, the map A commutes with the parity map P and
the flavor map t as well as the bispinor map B.
Instead of the map (5.23), we consider the map

v L (0K s) - (A p) (5.26)

Note that the map (5.26) has no effect on the orthogona constraint (5.22).
By the map B~* o A%, the Lagrangian (5.13) becomes

L = 3 Refi\ETo® 35 £ — mAZs] (5.27)
=1

where t; = mjt, and, as previousdly defined, m = \\mand 5 = £'Pé.
Before applying the transformation A to the Hermitian SL(2n, C) X
U(1) gauge generators tx, we first make a preliminary transformation of the
tk, to account for the unequal coupling constants gy and g. By a well-known
argument, the unequal coupling constants are accounted for in Yang—Mills
theories by noting that the generators in the center of a Lie algebra can be
multiplied by the scalar go/g without affecting the commutation relations [9].
We define the jth flavor subgroup, denoted as G;, of the gauge group G =
S.(2n, C) X U(1), to be the subgroup whose elements act as the identity on
al flavor subspaces except for the jth flavor subspace. Let Z be the centralizer
of the subgroup generated by the G; for 1 = j = n. That is, each element of
Z commutes with each element of G; for every j = 1, ..., n. Using the
metric hy, we partition the generators tx into two subsets, the first containing
generators of Z and the second containing the generators orthogonal to Z.
We multiply the generators of Z by go/g and the generators orthogonal to Z
by unity. The full set of generators thus transformed, denoted as tx, when
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restricted to the flavor subgroups G;, satisfy the same commutation relations
as ty.

In formula (5.33) we will need to know the relationship between the
traces of fx and tx. Since the generators orthogonal to Z liein the Lie algebra
of 9.(2n, C), their trace is zero, so that we derive

Tr{t] = %’Tr[tK] (5.29)

The Hermitian SL(2n, C) X U(1) gauge generators ik are transformed
by A into

t = ATA (5.29)

To simplify formulas, we define S_(2n, C) X U(1) gauge generators Ty =
(ir2nty and Tk = (i/2n)tx. Note that both sets of generators {Tyx} and
{Ti} for K =0, 1, ..., 4n> — 1 form a basis of the Lie algebra of S_(2n,
C) X U(1), which can be represented by 2n X 2n complex matrices. Hence-
forth it will simplify derivations to represent generators of the gauge group
. (2n, C) X U(1) as 2n X 2n matrices instead of 4n X 4n matrices [e.g.,
in the trace formula (5.33)]. The Lie algebra structure constants relative to
the two bases { T} and {T¢} will be denoted as fY¢ and f %, respectively.

For the gauge group SL.(2n, C) X U(1) the Yang—Mills Lagrangian
(2.22) generalizes as follows:

1 N P
Lo = g RMacAB A + o 3 Duler T W Dfor + 1) (530

where the Yang—Mills coupling constant g is used both in the field tensor
ALg, which is defined as

Asp = duAs — dpAs + of RACAS (5:31)
and in the covariant derivatives D;,, which are defined as
Dja = a(x + gAETj,K (532)

where Tjx = T is the projection of the generators Ty onto the jth flavor
Lie subalgebra. Note that this definition of the covariant derivatives Dj,
ensures that the Euler—L agrange equation for the Lagrangian (5.30) with the
orthogonal constraint (5.22) commutes with each flavor restriction.

The gauge potentials A and the complex scalar fields p; are defined
from the map (5.26) and formula (5.21). As previously stated, the fermion
masses in the Lagrangian (5.27) are given by my = A;m. In the Lagrangian
(5.30) we define the mass parameter . by w = (2/gg)m.
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The gauge generators Ty act on the complex scalars p; and w by the
well-known one-dimensional representation of the Lie algebra of S.(2n, C)
X U(1) given by

Tipy = Tr{Tlp; (533

and similarly for the complex scalar . (Note that, as previously stated, the
trace is computed in the representation where Ty isa 2n X 2n matrix.)

By a straightforward derivation from formulas (5.25), (5.28), (5.29),
(5.32), and (5.33), the covariant derivatives D;, in the Lagrangian (5.30) act
as follows:

Dialpj + 1) = dup; + 00 El NAD(p; + ) (5.34)
o=
where we set
Al = —jaK Tr[mT«] (5.35

Note that when the map (5.26) is restricted to the jth flavor subspace
(i.e., ¥ = m;¥), thenin formula(5.31) by first transforming to the appropriate
basis of the Lie algebra (for which the first four generators span the jth
flavor Lie subalgebra and the remaining generators are associated with gauge
potentials which vanish), and then transforming back to the generators Tk,
we obtain the following expression for the Yang—Mills field tensor Alg:

AI&B = auAé - GBA('; + g)\ijKA(‘lAg (536)

where fY are the Lie algebra structure constants relative to the gauge genera-
tors Ty. Similarly, in formula (5.35) we have A) = A2 and AD = 0 fori #
j. Moreover, from formulas (5.15) and (5.21) we have p; = O for i # j. Then
with both AD and p; vanishing for i # j, formula (5.34) gives Di.(pi + W)
= 0 for i # j. Thus, setting p; = p and D, = D,, we find that formula
(5.34) reduces to

Dulp + 1) = dup + iGQNAUP + 1) (5.37)

Clearly in formulas (5.36) and (5.37), the Yang—Muills coupling constants g
and g, have become g\; and go\; for the jth flavor subspace. Thus, the
Lagrangian (5.30) equals the Lagrangian (2.22) with g\; and go); instead of
g and gy as the Yang—Muills coupling constants. Consequently, the jth fermion
mass is My = +go\jp instead of 1gop..

Thefollowing proposition generalizesformula(2.25) and itsimplications
for the existence of wave packets to multiplets of n bispinor fields.
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Proposition 6. The Euler—L agrange equation for the Yang—Muills Lagran-
gian (5.30), with the orthogonal constraint (5.22), commutes with each flavor
restriction. If we restrict the fields to a single flavor, then

L = lim Lg, (5.38)
90—
where L and L, are the Lagrangians (5.27) and (5.30), respectively. Further-
more, thislimit only exists for wave packets associated with a single fermion
flavor, hence only these can propagate as g, becomes large.

Note that the phrase “commutes with each flavor restriction” used in
the first statement of Proposition 6 means that restricting to single flavor
solutions of the Euler—L agrange equation is equivalent to restricting the fields
inthe Lagrangianto asingleflavor. Thisimpliesthat all respective observables
associated with the Lagrangians (5.38) are equal when restricted to physically
realizable single flavor solutions. Thus, asdiscussed in Section 1, the Lagran-
gians (5.38) are equivaent for quantum field theory [8].

Proof. When W is restricted to a flavor subspace [associated with the
parity map v° and flavor map % see the definition of flavor subspace
following formula (5.9)], all bispinor components of ¥ = (¥, ..., ¥,)
vanish except for the jth flavor component ;. It follows from the map (5.26)
that the S.(2n, C) X U(1) gauge potentials AX then vanish except for the
SL(2, R) X U(1) subset associated with the single bispinor field ;. Inspection
of the Yang—Mills Lagrangian L, the orthogonal constraint (5.22), and the
resulting Euler—L agrange equation shows that these equations commute with
the action of setting the components of (A, p;) to zero that are not associated
with ;. Thus formula (5.38) follows from formulas (2.24), (2.25), (5.27),
(5.36), and (5.37), and the fact that £ = ;€ in formulas (5.15) and (5.20)
impliesthat 5 = sand s = O for i # j. By the argument preceding formula
(2.22), the limit (5.38) only exists for wave packets associated with a single
flavor, hence only these can propagate. QED
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